Abstract.
Introduction and some notations
The following result was recently proved by Olivier and Rahman [11] ; also see [8] . Since we are dealing with entire functions of exponential type, it is natural to wonder if the requirement about the convergence of the series was not really redundant. That it may indeed be superfluous is suggested by the following result of Boas and Schaeffer (applied to f~ /(£) dQ ■ Theorem B [2] . Let f be an entire function of exponential type n . Then f(x) approaches a limit as x -> +00 if and only if 00 (1.3) Y^fik + x) k=\ converges uniformly for 0 < x < 1.
Although Theorem B does not solve our problem, even in the case m -0, it does offer some hope because it was not claimed to be the best possible result of its kind. This has served as a motivation for us to obtain the sharp version of Theorem B (see Corollary 2) and look for generalizations (hopefully) adequate to handle the question concerning the convergence of the m + 1 series in (1.2) for arbitrary m.
Here are some other questions which may be asked with reference to Theorem A:
Ql. Is there an analogue of Theorem A for integrals over (0, +00)? The function may be assumed to be of (appropriate) exponential type in the right half-plane.
Q2. Are there any analogues of Theorem A for integrals over finite intervals? If so, how are they related to some of the well-known quadrature formulae like the Euler-Maclaurin formula?
We follow an alternative approach to Theorem A which turns out to be appropriate for the problem of Theorem B as well. It is based on the time-honored calculus of residues [9] -a technique which has already been used to obtain representations for the remainders of quadrature formulae and to consider various questions which arise in their study [10, 15, 4, 13, 14] . This approach also allows us to treat the two questions just mentioned.
Before stating our results, it seems desirable to mention some of the notations we use. We write 
Theorem 1 contains an open quadrature formula. The corresponding closed formula exists for m = 0 only. It is the trapezoidal rule for functions holomorphic in a rectangle. We state it as Theorem C and refer the reader to [6, §13.14] and [10] for proof and comments. M <Rez <N, \lmz\<T}, then need to modify the approximants so that they may allow the integral to be calculated with any desired degree of precision. With this objective in mind, we will study the two formulae further in the preeminently important case T -> 0. The case T -> oo is also of interest to us and will be discussed in subsection 2.4. i\(x)dx-±h2^cm^ff^(a+2-^lh) Remark 4. The quadrature formula (2.13) for entire functions of exponential type less than 27t(wj+l) and belonging to L (R) could be deduced from a result of Kress [8] . Olivier and Rahman (Theorem A) proved it under the assumption that (2.11) exists in the sense of Cauchy and (2.12) converges. The condition imposed here is still weaker.
2.4. Quadrature of functions of exponential type in a vertical strip. As a first step towards obtaining quadrature formulae for functions of exponential type in a half-plane we find alternative representations for the remainders in Theorems 2 and 3 under the assumption that the function is holomorphic and of exponential type in a (vertical) strip. For h = 1 and k = m = 0 the formula of Corollary 6 reduces to the "summation formula of Plana" [7, p. 274] . For another quadrature formula over [0, +00), see [13] .
Example. Let / be an entire function of exponential type x, real on the real line and bounded there by a constant Jf , say. Then by Bernstein's inequality |/(2A + "(x)l < ^t2A + 1 for x G R and by a result of Duffin and Schaeffer [1, Theorem 6.2.6*], \f{2k+l)(x + iy)\ < .£x2k+x coshxy for x + iyGC. Now by integration we get
Using this bound for estimating (2.24), we obtain after integration by parts \p,,.,i/]i<2«-(rAr-1 ;^+^iefy'.
where h has to be chosen less than 2n(m + l)/x. Since
the infinite series may be estimated by If / is given to be holomorphic in Hs : = {z G C : Rez > -<5} for some ô > 0 and satisfies \f(x + iy)\<cerM, x + iyeHs, then, using (3.18) for the (2k + l)st derivative and taking y to be the circle of radius ô centered at x + iy, we find
which could be used in the same way as (2.25) to obtain an estimate for the remainder.
Remark 5. While we have assumed / to be holomorphic in a strip or a halfplane or in the whole plane, functions having a finite number of isolated singularities may also be considered. The singularities will contribute to the residues, and the quadrature formula will have to be accordingly modified. Functions holomorphic in sectors containing the interval of integration can also be treated using appropriate contours and properties of the Phragmen-Lindelöf indicator function [1, Chapter 5]. Theorem D is a trivial generalization of a classical result of Carlson [16, §5.81] and Theorem E is due to Brück [3] . In order to state our results, which are variants of the above two theorems, we need to introduce a Notation. We use S or Sx , S2, ... to denote sectors of the form {z gC: (px < argz < (p2) with 0 < (p2 -<px < n . In particular, S may be the interval [0, +00).
Theorem 12. Let k be an odd integer and let f be an entire function of exponential type less than n(k + 1) which does not grow faster than a polynomial on the real line. If fU)(n) = 0 for j = 0,..., k -1 and /fc)(/i) G S for all integers n, then f(z) = 0.
As is shown by the example f(z) = sin nz, Theorem 12 does not hold for even k . where a0 , a,,..., ak G C.
Lemmas
In order to make the exposition as lucid as we can, we present many of the details in the form of lemmas. But first we shall bring in some further notations. and also (3.9) KJz) = -{-PJf{-z)).
Proof. In fact, for z ^ nn (n = 0, ±1,... ), " . . (2m+l)\ r,a*"n t2.,n,t K,"(z) = -^-¡--î I (I -' ) at, 22"'+1(m!)27o as is seen by applying the binomial theorem under the integral sign and integrating term by term. Noting that -icoXnz = 1 -2<p(z), we obtain r-icol7t:
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The first integral on the right-hand side is equal to 2 m(m\) /(2m+l)\, whereas the second one may be written as Applying (3.11) to f(z) = e'2njz, we obtain (3.12) Res(KJz).e'2njz)2=0 = QJi2nj).
On the other hand, 
Ecm,2,/( w^-E4(")
which proves the first of the two identities. The second is proved in the same way. D
The next three lemmas will be useful in our study of the integrals appearing on the right-hand sides of (2.1) and (2.2). Ja i a Proof. Since P0(<p(u)) = -W0(u), the result follows by repeated integration by parts, using the second formula of (3.4). D
We also need the following lemma about functions holomorphic and of exponential type in a strip. If r, denotes the part of T lying in the closed upper half-plane and T2 the rest, then using (3.8) for z gT2 and (3.9) for z e T, we obtain
But by Cauchy's theorem,
Jr. Jm-\/2 Jr, and so
Now, on splitting Yx, Y2 into their horizontal and vertical parts and combining the terms appropriately, we easily arrive via (4.1) at formula (2.1). D Proof of Theorem 2. It is enough to prove (2.3) for a --\ , b -N -\, h = 1 and apply the result to f(a + h(x + j)). Furthermore, given e > 0, using the approximation theorem of Weierstrass, we find a polynomial p such that
or j = 0, ... , 2k. Hence we may assume / to be holomorphic in {zeC:-^<Rez</V-i,|Imz|<r}, T>0.
Applying Theorem 1 with M -0 and m = 0, we obtain for T -► 0
By Lemma 6 with k replaced by 2k , the right-hand side is equal to
With the help of (3.5) and (3.7) we get
Lr*m«- 
f<2A'>f i _l ,-m i /<2*), since 9j(-iT) = Vj(-N+{-iT) = ^(/V-i-zT) = Vj^-iT) = Vj(-±-iT).
Applying this to f~M) with k replaced by k -p , we obtain
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Hence, by (4.3), Arguing in a similar way with y , where 2a < 2k -j + 1, we successively find that the derivatives of / of even order j+l, ... ,2k vanish for all n G Z. The conclusion then follows from Theorem E. G Since cm 2m # 0, it follows from (2.32) that f1 \n) = 0 for all n G Z.
